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Lecture 2 Recap: The Principle of Corresponding States
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Lecture 3 Overview

Textbook References:
• Atkins’ 11th Edition Focus 1B (The Kinetic Model)
• Atkins’ 10th Edition Chapter 1B (The Kinetic Model)
Topics:
• Deriving the Maxwell-Boltzmann distribution
• Understanding collisions
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The Kinetic Model of Gases

Overview of the Kinetic Model

• In the kinetic theory of gases, it is assumed that the only contribution
to the energy of the gas is from the kinetic energies of the molecules.
• This is also known as the kinetic-molecular theory or KMT.
• The kinetic model is remarkable in the sense that powerful,
quantitative conclusions can be reached only from a few assumptions.
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Overview of the Kinetic Model
The kinetic model is based on the following three assumptions:
1. The gas consists of molecules of mass m in ceaseless random motion,
all obeying the laws of classical mechanics.
2. The size of the molecules is negligible, in the sense that their
diameters are much smaller than the average distance travelled
between collisions. In other words, they are “point-like”.
3. The molecules interact only through brief, elastic collisions—i.e., there
are no intermolecular interactions, attractive or repulsive, and there is
no energy loss in each collision.
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Speed and Velocity

• The speed v of a body is defined as the rate of change of position.
• The velocity v, defines the direction of travel as well as the rate of
motion.
• Particles travelling at the same speed but in different directions have
different velocities.
• Note that the bolded notation means the quantity is a vector. The
Cartesian components vx , vy , and vz of the velocity vector v are scalars.
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Speed and Velocity

• Recall that a vector can be represented by an arrow with
components along three orthogonal axes,
v = vx x + vy y + vz z

(1)

• From Pythagoras’ theorem, we can see that the length v
of the vector v can be found with the following formula:
v2 = v2x + v2y + v2z

(2)
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Force and Momentum
• The concepts of classical mechanics are commonly expressed in
terms of the linear momentum, p, which is defined as
p = mv

(3)

• Momentum also mirrors velocity in having a sense of direction; bodies
of the same mass and moving at the same speed but in different
directions have different linear momenta.
• Acceleration a is the rate of change of velocity. An object accelerates
if its speed changes, it also accelerates if its speed remains
unchanged but its direction of motion changes.
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Force and Momentum
• According to Newton’s second law of motion, the acceleration of a body of
mass m is proportional to the force F acting on it
F = ma

(4)

• Because mv is the linear momentum and a is the rate of change of velocity,
ma is the rate of change of momentum.
• Newton’s law indicates that the acceleration occurs in the same direction as
the force acts. If, for an isolated system, no external force acts, then there is
no acceleration.
• This statement is the law of conservation of momentum: the momentum of
a body is constant in the absence of a force acting on the body.
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Pressure and Molecular Speeds
Recall the following three assumptions for the kinetic model,
1. The gas consists of molecules of mass m in ceaseless random motion, all obeying
the laws of classical mechanics.
2. The size of the molecules is negligible, in the sense that their diameters are much
smaller than the average distance travelled between collisions. In other words, they
are “point-like”.
3. The molecules interact only through brief, elastic collisions—i.e., there are no
intermolecular interactions, attractive or repulsive, and there is no energy loss in
each collision.
Using only these assumptions, we will derive an expression that relates the pressure and
volume of a gas.
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Pressure and Molecular Speeds
Consider a single particle with mass m in
motion with initial velocity in the x direction
vx . Its initial momentum is
p = mvx

(5)

When it strikes the container wall, assuming
no energy losses (elastic collision), its
momentum becomes
p = −mvx

(6)

And the total change in momentum is then
2mvx for each collision with a container wall.
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Pressure and Molecular Speeds
Let us consider next all particles within a
distance vx ∆t of the container wall. If we
know the number density nNA /V, then
Number of particles =

nNA
× Avx ∆t
V

(7)

At any given moment, half the particles are
travelling toward the wall, and will strike it
within time ∆t. Therefore,
Number of collisions =

1 nNA
× Avx ∆t (8)
2 V

12

Pressure and Molecular Speeds
We have the number of collisions during a time interval ∆t from Equation 8,
1 nNA
Number of collisions =
× Avx ∆t
(8)
2 V
The total momentum change from all particles in the sample is the product of
the above expression with the momentum change in the x direction for a single
particle, 2mvx
1 nNA
Total momentum change =
× Avx ∆t × 2mvx
2 V
M

z }| {
nmNA
=
× Av2x ∆t
V
nMAv2x ∆t
=
V

(9)
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Pressure and Molecular Speeds
Recall that the force is equal to the change in momentum, or
F=

dp
dt

(10)

If we divide through the result of Equation 9 by ∆t, we obtain the force
exerted by molecules in the x direction
F=

nMAv2x
V

(11)

Then, because pressure is equal to force over area, we simply divide by A
to obtain
nMv2x
p=
(12)
V
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Pressure and Molecular Speeds
So far we have assumed the same x-velocity for all particles in the sample.
To obtain the detected pressure, we have to find an expression of the
average velocity in the x direction for all particles, denoted ⟨vx ⟩:
nM⟨v2x ⟩
(13)
V
We are working with a container that has the same dimensions on all
sides, so then the average values of v2x , vy2 , and v2z are all the same. From
Equation 2,
v2 = v2x + v2y + v2z
(14)
p=

it follows that

1
⟨v2x ⟩ = ⟨v2 ⟩
3

(15)
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Pressure and Molecular Speeds
At this stage, it is useful to define the root-mean-square speed, vrms ,
which is the square root of the mean of the squares of the speeds, v, of
the particles. Thus,
vrms = ⟨v2 ⟩1/2
(16)
The mean square speed in the expression for pressure can therefore be
written
1
1
(17)
⟨v2x ⟩ = ⟨v2 ⟩ = v2rms
3
3
to finally give the following expression
1
pV = nMv2rms
3

(18)
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Pressure and Molecular Speeds
• Equation 18 is one of the key results of the kinetic model of gases.
pV =

1
nMv2rms
3

(18)

• If the root-mean-square speed of the molecules depends only on the
temperature, then at constant pressure
pV = constant

(19)

which is the content of Boyle’s law.
• The next step is to show that the right-hand side of Equation 18 is equal to nRT.
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The Maxwell-Boltzmann Distribution
• We need to find an expression for the distribution of speeds in a sample of gas.
• Because molecules are continuously colliding, their speeds also change
continuously as a result of these collisions.
• If the distribution of speeds is given by some function f(v), then the fraction of
molecules that have speeds in the range v to v + dv is proportional to the width
of the range, f(v)dv.
• An expression for this distribution can be found by recognizing that the energy
of the molecules is entirely kinetic (i.e. no potential energy contribution).
• Then, we can use the Boltzmann distribution to describe how the energy is
distributed over all the molecules in the system.
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The Maxwell-Boltzmann Distribution
To get to the Maxwell-Boltzmann distribution, we’ll need to start with the
Boltzmann distribution, which is an exponential function that relates the
probability of a particular state to the energy of that state and the
temperature of the overall system. This has the general form
pi ∝ e−ϵi /kB T

(20)

In the context of molecular speeds, we will use the following expression
f(v) = Ke−ϵ/kB T

(21)

where K is a constant of proportionality.
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The Maxwell-Boltzmann Distribution
The total kinetic energy is the sum of the kinetic energy in all three
dimensions,
1
1
1
ϵ = mv2x + mv2y + mv2z
2
2
2
Therefore,
2
2
2
f(v) = Ke−(mvx +mvy +mvz )/2kB T

(22)
(23)

Using the relation
ax+y+z = ax ay az

(24)

We have
2

2

2

f(v) = Ke−mvx /2kB T e−mvy /2kB T e−mvz /2kB T

(25)
20

The Maxwell-Boltzmann Distribution
We can then factor Equation 25 into x, y, and z components:
2

(26)

f(vy ) = Ky e−mvy /2kB T

2

(27)

−mv2z /2kB T

(28)

f(vx ) = Kx e−mvx /2kB T

f( v z ) = K z e
with

f(v) = f(vx )f(vy )f(vz )

(29)

K = Kx Ky Kz

(30)

and
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The Maxwell-Boltzmann Distribution
Now, we must determine the constants of proportionality Kx , Ky , and Kz . Similar to our
previous derivation for the pressure, we begin with the x direction only. We note that a
particle must have a velocity in the x direction, between the range −∞ < vx < ∞, which
means that integration over the full range of possible values of vx must give a total
probability of 1:
Z
∞

−∞

f(vx )dvx = 1

(31)

Substituting in the expression for f(vx ),
Z
1 = Kx

∞
−∞

2

e−mvx /2kB T dvx

(32)

So we need to evaluate the above integral.
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The Maxwell-Boltzmann Distribution
The definite integral of an arbitrary Gaussian function is
Z

∞
−∞

So

Z
Kx

∞
−∞

e

e

− a ( x + b) 2

−mv2x /2kB T

 1/2
π
dx =
a


dvx = Kx

2π kB T
m

(33)

1/2
=1

(34)

And therefore Kx is equal to the inverse of the expression in parentheses:

f( v x ) =

m
2π kB T

1/2

2

e−mvx /2kB T

(35)
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The Maxwell-Boltzmann Distribution
Now we go back to finding an expression for f(v)dv, which is the product of
f(vx )f(vy )f(vz )dvx dvy dvz . The probability that a molecule has a velocity in the range vx to
vx + dvx , vy to vy + dvy , and vz to vz + dvz is
−m v2 +v2 +v2 /2k T
e ( x y z) B
3/2 z
}|
{
2
2
2
m
f(vx )f(vy )f(vz )dvx dvy dvz =
e−mvx /2kB T e−mvy /2kB T e−mvz /2kB T dvx dvy dvz
2πkB T

3/2
2
m
e−mv /2kB T dvx dvy dvz
=
2πkB T



(36)

where
v2 = v2x + v2y + v2z

(2)

from before.
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The Maxwell-Boltzmann Distribution
To evaluate the probability that a particle
has a speed in the range v to v + dv, we
multiply the volume of a infinitely thin
spherical shell with Equation 36 to obtain

f(v)dv = 4π

m
2πkB T

3/2

2

v2 e−mv /2kB T dv (37)

Then, f(v) itself, after minor rearrangement,
is

f(v) = 4π

m
2πkB T

3/2

2

v2 e−mv /2kB T

(38)
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The Maxwell-Boltzmann Distribution

Finally, we substitute all molecular constants (k, m) with molar constants
(R, M), where R = NA kB and m/kB = mNA /R = M/R, to obatin

f(v) = 4π

M
2πRT

3/2

2

v2 e−Mv /2RT

(39)

Equation 39 is called the Maxwell-Boltzmann distribution of speeds. Note
that, in common with other distribution functions (such as the normal
distribution), f(v) only has physical meaning after it is multiplied by the
range of speeds of interest.
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The Maxwell-Boltzmann Distribution
The important features of the Maxwell-Boltzmann distribution are as follows:
• Equation 39 includes a decaying Gaussian function; this implies that the fraction of
2
molecules with very high speeds is very small, i.e. e−x is very small when x is large.
• The factor M/2RT in the exponent means that when the molar mass is large (i.e.
heavy molecules), the function tends more rapidly toward zero.
• When T is high, then the factor M/2RT in the exponent is small, so the exponential
factors decays more slowly. Thus, a larger fraction of molecules will have high
speeds at higher temperatures.
• The prefactor v2 implies that the fraction of molecules with speeds tending to 0 is
also very small, irrespective of the mass.
• The prefactor in parentheses ensures that integration of f(v) from zero to infinity
equals 1.
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The Maxwell-Boltzmann Distribution
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Mean Values of the Maxwell-Boltzmann Distribution
• Now that we have derived the formula
for the Maxwell-Boltzmann
distribution, it becomes possible to
calculate the mean value of any power
of the speed by evaluating the
appropriate integral.
• For instance, to evaluate the fraction F
of molecules with speeds in the range
v1 to v2 , we need to evaluate the
integral
Z
F(v1 , v2 ) =

v2
v1

f(v)dv

(40)
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Mean Values of the Maxwell-Boltzmann Distribution
The average value of vn is calculated as
Z ∞
n
⟨v ⟩ =
vn f(v)dv

(41)

0

In particular, integration with n = 2 results in the mean square speed, ⟨v2 ⟩,
of the molecules at a temperature T:
⟨v2 ⟩ =

3RT
M

Then, the root-mean-square speed of the molecules of a gas is

1/2
3RT
2 1/2
vrms = ⟨v ⟩ =
M

(42)

(43)
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Mean Values of the Maxwell-Boltzmann Distribution

From Equation 43


2 1/2

vrms = ⟨v ⟩

=

3RT
M

1/2
(43)

we can see that the root-mean-square speed is proportional to the square
root of the temperature, and inversely proportional to the square root of
the molar mass. This implies that at a higher temperature, the
root-mean-square speed of the molecules is higher, and that at a given
temperature, heavy molecules travel more slowly than light molecules.
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Mean Values of the Maxwell-Boltzmann Distribution
Moreover, when Equation 43
2 1/2

vrms = ⟨v ⟩


=

3RT
M

1/2
(43)

is substituted into Equation 18,
1
pV = nMv2rms
3

(18)

The result is the equation of state for the ideal gas!
pV = nRT

(44)

This conclusion confirms that the kinetic model can indeed be regarded as a
model of the ideal gas.
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Mean Values of the Maxwell-Boltzmann Distribution
The Maxwell-Boltzmann distribution can also be used to evaluate the mean
speed vmean of the molecules in a sample of gas,
Z
vmean =

∞
0


vf(v)dv =

8RT
πM

1/2


=

8
3π

1/2
vrms

(45)

The most probable speed, vmp , can be identified from the location of the peak of
the distribution by differentiating f(v) with respect to v, and solving for the value
of v such that the derivative is 0 (other than v = 0 and v = ∞).

vmp =

2RT
M

1/2

 1/2
2
=
vrms
3

(46)
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Mean Values of the Maxwell-Boltzmann Distribution
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Mean Values of the Maxwell-Boltzmann Distribution
The mean relative speed vrel , which is the mean
speed with which one molecule approaches
another of the same kind, can also be calculated
from the Maxwell-Boltzmann distribution.
vrel =

√

2vmean

(47)

For two dissimilar molecules of masses mA and
mB ,

vrel =

8kB T
πµ

1/2
,

µ=

mA mB
mA + mB

(48)
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Collisions

• The kinetic model can be used to develop the qualitative picture of a
perfect gas, as a collection of continuously moving and colliding
molecules, into a quantitative and testable expression.
• In particular, it provides a way to calculate the average frequency with
which molecular collisions occur and the average distance a molecule
travels between collisions.
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The Collision Frequency

• Although the kinetic model assumes that the molecules are
point-like, a collision can still be counted as occurring whenever the
centres of two molecules come within a distance d of each other.
• The distance d, or the collision diameter, is of the order of the actual
diameters of the molecules.
• The kinetic model can be used to deduce the collision frequency, z, or
the number of collisions made by one molecule divided by the time
interval during which the collisions are counted.
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The Collision Frequency

• Consider the positions of all molecules
except one to be frozen. We will
concentrate on one mobile molecule as it
travels through the container with a mean
relative speed vrel for a time interval ∆t.
• In doing so, it sweeps out a “collision tube”
of cross-sectional area σ = π d2 and length
vrel ∆t, and therefore of volume σ vrel ∆t.
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The Collision Frequency

The number of stationary molecules with centres inside collision tube is
given by the volume V of the tube multiplied by the number density
N = N/V, where N is the total number of molecules in the sample, so this
is N σvrel ∆t.
The collision frequency z is this number divided by ∆t. It follows that
z = σvrel N

(49)

The parameter σ is called the collision cross-section of the molecules.
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The Collision Frequency
An expression in terms of the pressure of the gas is obtained by using the
ideal gas equation and R = NA kB to write the number density in terms of
the pressure:
N
nNA
nNA
pNA
p
N = =
=
=
=
(50)
V
V
nRT/p
RT
kB T
Then,
z=

σvrel p
kB T

(51)

At constant volume, the collision frequency increases with increasing
temperature, because most molecules are moving faster. At constant
temperature, the collision frequency is proportional to the pressure.
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The Mean Free Path
The mean free path, λ, is the average distance a molecule travels between
collisions. If a molecule collides with a frequency z, it spends a time 1/z in
free flight between collisions, and therefore travels a distance (1/z)vrel . It
follows that the mean free path is
λ=

vrel
z

(52)

Substituting the expression for z from Equation 51 gives
λ=

kB T
σp

(53)

Doubling the pressure shortens the mean free path by a factor of 2.
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The Mean Free Path

• Although the temperature appears in Equation 53, in a sample of
constant volume, the pressure is proportional to T, so T/p remains
constant even when the temperature is increased.
• Therefore, the mean free path is independent of the temperature in a
sample of gas, provided the volume is constant.
• In a container of fixed volume, the distance between collisions is
determined by the number of molecules present in the given volume,
rather than by the speed at which they travel.
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Conclusion

Learning Objectives

We have
• derived the expression for the Maxwell-Boltzmann distribution
• determined closed forms for various mean values from the
Maxwell-Boltzmann distribution
• defined the collision frequency and the mean free path by assuming
one mobile molecule among stationary molecules
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Thank You!

Next Topic: Internal Energy
Lecture slides will be uploaded Friday, September 17 before class.
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